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ABSTRACT

In this paper, an intervened version of the generalized Gegenbauer distribution
is considered and studied some of its statistical properties. The parameters of the
distribution are estimated by using the method of maximum likelihood, method of
mixed moments and illustrated using real life data sets. The likelihood ratio test
procedure is applied for examining the significance of the intervention parameters
and a simulation study is carried out for assessing the performance of the estimators.
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1. Introduction

Many distributions in statistical literature arise as mixture of other distributions.
[4] obtained the generalized Gegenbauer distribution (GGbD) by mixing generalized
Hermite distribution with gamma distribution; they refer to it as generalized Gegen-
bauer distribution (GGbD) because of its relationship with generalized Gegenbauer
polynomial. The generalized Gegenbauer polynomial defined through the generating
function

(1− αs− βsm)−λ =

∞∑
n=0

ωλ
n,m(α, β)sm forλ > 0, α > 0 and β > 0 is

ωλ
n,m(α, β) =

[ n

m
]∑

j=0

Γ(λ+ n−mj + j)

Γ(n−mj + j + 1)Γ(λ)Γ(j + 1)
αn−mjβj (1)
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The probability generating function of GGbD proposed by [4] is

G(s) = (1− θ1 − θ2)
r(1− θ1s− θ2s

m)−r (2)

in which θ1 > 0, θ2 > 0, r > 0, θ1 + θ2 < 1 and m is a positive integer.

When m=1 GGbD reduces to negative binomial distribution and when m=2 it
becomes the distributions of [5], [7]. Through this paper we propose an intervened
version of the generalized Gegenbauer distribution and termed it as “the intervened
generalized Gegenbauer distribution” or in short “the IGGbD”. It is shown that the
IGGbD includes the IGD of [1] , the ZTNBD and the INBD of [3] as its special
cases. The paper is organised in such a way that in section 2 we develop a model
leading to the IGGbD and derive expressions for the pmf, moments, mean, variance
and recurrence relations of probabilities . In section 3 we discuss the estimation of
the parameters of the IGGbD. In section 4, likelihood ratio test procedure is used for
testing the significance of the intervention parameters. A simulation study is carried
out in section 5 for examining the performance of the estimators of the parameters of
the IGGbD.
We need the following in the sequel. For any real valued function A(i, r), we have

∞∑
i=0

∞∑
r=0

A(i, r) =

∞∑
i=0

i∑
r=0

A(i− r, r) (3)

2. Intervened Generalized Gegenbauer Distribution

Let Z be a random variable having zero truncated generalized Gegenbauer distribution
with parameters r, θ1 and θ2. Then the pgf of Z is

PZ(s) =
(1− θ1 − θ2)

r

1− (1− θ1 − θ2)r
[(1− θ1s− θ2s

m)−r − 1], (4)

in which r > 0, and θi > 0 for i = 1, 2 such that θ1+θ2 ≤ 1 and m is a positive integer.
Let Y be a random variable following generalized Gegenbauer distribution in which,
due to some interventions, the parameters θ1 changes to ρ1θ1 and θ2 changes to ρ2θ2
with ρ1 > 0, ρ2 > 0 such that ρ1θ1+ρ2θ2 ≤ 1 and the parameters ρ1 and ρ2 are called
the intervention parameters. Assume that Y and Z are statistically independent. Then
the pgf of X = Y + Z is given by
PX(s) = PY (s)PZ(s)

=
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1
[(1− θ1s− θ2s

m)−r − 1][1− ρ1θ1s− ρ2θ2s
m]−r, (5)

in which r > 0, ρi > 0 and θi > 0 for i = 1, 2 such that ρ1θ1 + ρ2θ2 ≤ 1. The
distribution of a random variable X with pgf (5), we call “the intervened generalized
Gegenbauer distribution” or in short “the IGGbD”. Clearly, when m = 1,θ1 + θ2 = θ
and ρ1, ρ2 = ρ the pgf (5) reduces to the pgf of the INBD of [3].
Now we obtain the pmf of the IGGbD through the following proposition.
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Proposition 2.1. Let X follows IGGbD with pgf as given in (5), then the pmf gx of
X, for x = 1, 2, 3, ... is

gx =
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1

x−1∑
i=0

ωr
x−i,m(θ1, θ2) ω

r
i,m(ρ1θ1, ρ2θ2) (6)

in which r > 0, ρi > 0 , θi > 0 for i = 1, 2 such that ρ1θ1 + ρ2θ2 ≤ 1and ωλ
n,m(α, β) is

the generalized Gegenbauer polynomial as defined in (1) and m is a positive integer.

Proof. By definition, the pgf PX(s) of the IGGbD is

PX(s) =

∞∑
x=0

sxgx, (7)

=
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1
[(1− θ1s− θ2s

m)−r − 1][1− ρ1θ1s− ρ2θ2s
m]−r. (8)

Applying (1) in (8), we obtain the following.

PX(s) =
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1

∞∑
x=0

ωr
x,m(θ1, θ2)s

x
∞∑
i=0

ωr
i,m(ρ1θ1, ρ2θ2)s

i

− (1− ρ1θ1 − ρ2θ2)
r

(1− θ1 − θ2)−r − 1

∞∑
x=0

ωr
x,m(ρ1θ1, ρ2θ2)s

x (9)

=
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1

∞∑
x=0

x∑
i=0

ωr
x−i,m(θ1, θ2)ω

r
i,m(ρ1θ1, ρ2θ2)s

x

− (1− ρ1θ1 − ρ2θ2)
r

(1− θ1 − θ2)−r − 1

∞∑
x=0

ωr
x,m(ρ1θ1, ρ2θ2)s

x (10)

in the light of (3). Now, on equating the coefficients of sx in the right hand side
expressions of (7) and (10), we get (6).

Next, we develop an expression for the pth factorial moment of the
IGGbD(r, ρ1, ρ2, θ1, θ2) through the following result.

Result 2.1. The pth factorial moment µ′
(p) of the IGGbD(r, ρ1, ρ2, θ1, θ2) with pgf

given in (6) is

µ′
(p) =

p!η∗

[Γ(r)]2

∑
J

∑
Ij2

Γ(j − j1 + j2 − j3 + r)Γ(j1 − j2 + j3 + r)(Γj + 1)

Γ(j2 − j3 + 1)Γ(j3 + 1)Γ(j − j1 + 1)Γ(j1 − j2 + 1)
δj11

(
δ21
δ11

)j1

(
δ12
δ21

)j2 (δ22
δ12

)j3
(

m∏
i=1

(
m
i

)ai

ai!

)
+

(1− η∗)

Γ(r)

∑
J∗

∑
Ij2

Γ(j + r)Γ(j2 + 1)

Γ(j + 1)

δj21

(
δ22
δ21

)

)j2
(

m∏
i=1

(
m
i

)ai

ai!

)
, (11)
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in which, η∗ = [1− (1− θ1 − θ2)
r]−1, δ11 =

θ1
1− θ1 − θ2

, δ12 =
θ2

1− θ1 − θ2
,

δ21 =
ρ1θ1

1− ρ1θ1 − ρ2θ2
, δ22 =

ρ2θ2
1− ρ1θ1 − ρ2θ2

,

J = {(j, j1, j2, j3) ∈ N4 : 0 ≤ j < ∞, 0 ≤ j1 < j, 0 ≤ j2 < j1,

0 ≤ j3 < j2, τ + j − j2 = p}

J∗ =
{
(j, j2) ∈ N2 : 0 ≤ j < ∞, 0 ≤ j2 < j, τ + j − j2 = p

}
and

∑
Ij2

denotes the

summation over m non- negative integers in the set

J2 =

{
(a1, a2, ...am) :

m∑
i=1

ai = j2, τ =

m∑
i=1

iai

}
.

Proof. The factorial moment generating function HX(t) of the random variable X is

HX(t) =

∞∑
p=0

µ′
(p)

tp

p!
. (12)

By replacing s by 1 + t in (8), we get the HX(t) of IGGbD(r, ρ1, ρ2, θ1, θ2) as

Λ2 (r, ρ, θ) [(1− θ1(1 + t)− θ2(1 + t)m)−r − 1] [1− ρ1θ1(1 + t)− ρ2θ2(1 + t)m]−r,

where Λ2 (r, ρ, θ) =
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1
.

On rearranging and substituting η∗, δ11, δ12, δ21 and δ22, we get

HX(t) = η∗

(
1− δ11t− δ12

m∑
i=1

(
m

i

)
ti

)−r(
1− δ21t− δ22

m∑
i=1

(
m

i

)
ti

)−r

+(1− η∗)

(
1− δ21t− δ22

m∑
i=1

(
m

i

)
ti

)−r

. (13)

By using the negative binomial expansion in (13), we obtain the following.

HX(t) = η∗
∞∑
j=0

∞∑
j1=0

(
j + r − 1

j

) (
j1 + r − 1

j1

)(
δ11t+ δ12

m∑
i=1

(
m

i

)
ti

)j

(
δ21t+ δ22

m∑
i=1

(
m

i

)
ti

)j1

+ (1− η∗)

∞∑
j=0

(
δ21t+ δ22

m∑
i=1

(
m

i

)
ti

)j

.
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HX(t) = η∗
∑
J

(
j − j1 + j2 − j3 + r − 1

j − j1 + j2 − j3

) (
j1 − j2 + j3 + r − 1

j1 − j2 + j3

) (
j − j1 + j2 − j3

j2 − j3

)
(
j1 − j2 + j3

j3

)
δj11

(
δ21
δ11

)j1 (δ12
δ21

)j2 (δ22
δ21

)j3

tj−j2

(
m∑
i=1

(
m

i

)
ti

)j2

+(1− η∗)

∞∑
j=0

j∑
j2=0

(
j + r − 1

j

) (
j

j2

)
δj21

(
δ22
δ21

)

)j2

tj−j2

(
m∑
i=1

(
m

i

)
ti

)j2

,

where on
∑
J

the set J =
{
j, j1, j2, j3 ∈ N4 : 0 < j < ∞, 0 < j1 < j, 0 < j2 < j1, 0 < j3 < j2

}
.

Again rearranging, we get

HX(t) =
η∗

Γ(r)2

∑
J

Γ(j − j1 + j2 − j3 + r) Γ(j1 − j2 + j3 + r)

Γ(j2 − j3 + 1) Γ(j3 + 1) Γ(j − j1 + 1) Γ(j1 − j2 + 1)

(δ11)
j

(
δ21
δ11

)j1 (δ12
δ21

)j2 (δ22
δ12

)j3

tj−j2

(
m∑
i=1

(
m

i

)
ti

)j2

+
(1− η∗)

Γ(r)

∞∑
j=0

j∑
j2=0

Γ(j + r)

Γ(j + 1)
(δ21)

j

(
δ22
δ21

)

)j2

(t)j−j2

(
m∑
i=1

(
m

i

)
ti

)j2

=
η∗

[Γ(r)]2

∑
J

∑
Ij2

Γ(j − j1 + j2 − j3 + r)Γ(j1 − j2 + j3 + r)(Γj + 1)

Γ(j2 − j3 + 1)Γ(j3 + 1)Γ(j − j1 + 1)Γ(j1 − j2 + 1)

δj11

(
δ21
δ11

)j1 (δ12
δ21

)j2 (δ22
δ12

)j3
(

m∏
i=1

(
m
i

)ai

ai!

)
tτ+j−j2 +

(1− η∗)

Γ(r)∑
J∗

∑
Ij2

Γ(j + r)Γ(j2 + 1)

Γ(j + 1)
δj21

(
δ22
δ21

)

)j2
(

m∏
i=1

(
m
i

)ai

ai!

)
tτ+j−j2 , (14)

in the light of multinomial theorem, where

J∗ =
{
(j, j2) ∈ N2 : 0 ≤ j < ∞, 0 ≤ j2 < j, τ + j − j2 = p

}
and

∑
Ij2

denotes the

summation over m non- negative integers in the set

J2 =

{
(a1, a2, ...am) :

m∑
i=1

ai = j2, τ =

m∑
i=1

iai

}
. Now, on equating the coefficients of

tp

p!
in the right hand side expressions of (12) and (14), we get (11).
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Result 2.2. The Mean and Variance of the IGGbD(r, ρ1, ρ2, θ1, θ2) are

Mean = rδ21 +mrδ22 + η∗(rδ11 +mrδ12) (15)

and

Variance = rδ21(1 + δ21) +m2rδ22(1 + δ22) + rη∗δ11(1 + δ11) +m2rη∗δ12(1 + δ12)

+r2η∗(1− η∗)(δ11 +mδ12)
2 + 2mr(δ21δ22 + η∗δ11δ12), (16)

in which η∗, δ11, δ12, δ21 and δ22 are as defined in (11).

Result 2.3. If rη∗ < 1 then IGGbD(r, ρ1, ρ2, θ1, θ2) is over-dispersed and if rη∗ > 1
then it is over dispersed if

(δ211 +m2δ212 + 2mδ11δ12)(rη
∗(1− rη∗)) < rδ221 + rm2δ222 +m(m− 1)(rδ22 + rη∗δ12)

+2mr(δ21δ22 + rη∗δ11δ12) + r2η∗δ211 +m2r2η∗δ212

and under dispersed if

(δ211 +m2δ212 + 2mδ11δ12)(rη
∗(1− rη∗)) > rδ221 + rm2δ222 +m(m− 1)(rδ22 + rη∗δ12)

+2mr(δ21δ22 + rη∗δ11δ12) + r2η∗δ211 +m2r2η∗δ212

Result 2.4. The following is a recurrence relation for probabilities of the
IGGbD(r, ρ1, ρ2, θ1, θ2), for x ≥ 1.

x g(x+ 1) = rρ1θ1

x∑
i=0

ω1
i, m (ρ1θ1, ρ2θ2) g(x− i)

+mrρ2θ2

x−m+1∑
i=0

ω1
i, m (ρ1θ1, ρ2θ2) g(x− i−m+ 1)

+B(x : r,m, ρ1, ρ2, θ1, θ2) (17)

in which,

B(x : r,m, ρ1, ρ2, θ1, θ2) = Λ2 (r, ρ, θ)

[
rθ1

x∑
i=0

ωr
x−i, m (ρ1θ1, ρ2θ2) ω

r+1
i, m (θ1, θ2)

+mrθ2

x−m+1∑
i=0

ωr
x−i−m+1, m (ρ1θ1, ρ2θ2) ω

r+1
i, m (θ1, θ2)

]
and ωr

n, m (a, b) is the generalized Gegenbauer polynomial as defined in (1).

Proof. From (8), we have

PX(s) =

∞∑
x=0

sxg(x) (18)

= Λ2 (r, ρ, θ)
[
(1− θ1s− θ2s

m)−r − 1
]
[1− ρ1θ1s− ρ2θ2s

m]−r . (19)
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On differentiating (18) and (19) with respect to s, we get the following.

∞∑
x=0

(x+ 1)sxg(x+ 1) =
r
(
ρ1θ1 +mρ2θ2s

m−1
)

1− ρ1θ1s− ρ2θ2sm
pX(s)

+Λ2 (r, ρ, θ)
r
(
θ1 +mθ2s

m−1
)

(1− θ1s− θ2sm)−r−1 (1− ρ1θ1s− ρ2θ2sm)−r

Now, on rearranging, we get

∞∑
x=0

(x+ 1)sx g(x+ 1) = rρ1θ1

∞∑
x=0

x∑
i=0

ω1
i, m(ρ1θ1, ρ2θ2) g(x− i) sx

+mrρ2θ2

∞∑
x=0

x∑
i=0

ω1
i, m(ρ1θ1, ρ2θ2) g(x− i) sx+m−1

+Λ2 (r, ρ, θ)

[
rθ1

∞∑
x=0

x∑
i=0

ωr
x−i, m (ρ1θ1, ρ2θ2) ω

r+1
i, m (θ1, θ2) s

x

+mrθ2

∞∑
x=0

x∑
i=0

ωr
x−i, m (ρ1θ1, ρ2θ2) ω

r+1
i, m (θ1, θ2) s

x+m−1

]
, (20)

On equating the coefficients of sx in both sides of the expression (20), we get (17).

3. Estimation of parameters

In this section we discuss the method of mixed moments (MMM) and method
of maximum likelihood estimation (MML) for estimating the parameters of the
IGGbD(r, ρ1, ρ2, θ1, θ2).

Method of mixed moments
In MMM, the parameters are estimated by using the first four sample factorial

moments and the observed relative frequency of the distribution corresponding to the
observation x = 1. That is, the parameters are estimated by solving the equations
(21), (22), (23), (24) and (25).

m1 = rδ21 +mrδ22 + η∗(rδ11 +mrδ12), (21)

m2 = r(r + 1)(δ221 +m2δ222 + 2mδ21δ22η
∗(δ211 +m2δ212) + 2mη∗δ11δ12

+m(m− 1)r(δ22 + η∗δ12) + 2r2η∗(δ11 +mδ12)(δ21 +mδ22), (22)
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m3 = (r)3
[
δ321 +m3δ322 + 3mδ21δ22(δ21 +mδ22) + η∗(3mδ211δ12 + δ311 + δ312)

]
+(r)3η

∗3δ11δ
2
12 +m(m− 1)(m− 2)r(δ22 + η∗δ12) + 3(r)2δ

2
12δ22

+3(r)2
[
m2(m− 1)(δ212 + δ222) +m(m− 1)(δ21δ22 + η∗δ11δ12)

]
+3m(m− 1)η∗r2[δ11δ22 + δ12δ21 + 2mδ12δ22] + 3r2(r + 1)η∗m2δ212δ21

+3r2(r + 1)η∗
[
δ211(δ21 +mδ22) + δ221(δ11 +mδ12) +mδ222(δ11 +m2δ12)

]
+3r2(r + 1)η∗

[
2δ12δ21δ22 + 2mδ11δ12δ21 + 2mδ11δ21δ22 + 2m3δ11δ12δ22

]
,

(23)

m4 = (r)4
{
δ421 +m4δ422 + 4mδ21δ22δ

2
21 +m2δ222 + 6m2δ221δ

2
22

}
+ (r)4η

∗ {δ411 +m4δ412

+4mδ11δ12δ
2
11 +m2δ212 + 6m2δ211δ

2
12

}
+ (r)3

{
3m3(m− 1)η∗δ312 + 6m(m− 1)[

δ221δ22 + η∗δ211δ12
]}

+ 12(r)3m
2(m− 1)

[
δ222δ21 + η∗δ212δ11

]
+4m(m− 1)(m− 2)r2η∗[δ11δ22 + δ12δ21] + 4(r)2m(m− 1)(m− 2)

[δ21δ22 + η∗δ11δ12] + (r)2 m2(m− 1)(7m− 11)
[
δ222 + η∗δ212

]
+m(m− 1)(m− 2)(m− 3)r[δ22 + η∗δ12] + 2m2(m− 1)(7m− 11)r2η∗δ12δ22

+6m(m− 1)r(r)2η
∗δ11[δ11δ22 + 2δ12δ21 + 2δ21δ22] (24)

and

p1
N

=
(1− ρ1θ1 − ρ2θ2)

r

(1− θ1 − θ2)−r − 1
rθ1, (25)

where p1 is the observed frequency of the distribution corresponding to the observation
x = 1, N is the total frequency, m1, m2, m3 and m4 are the first four sample factorial
moments and for any positive integer k, (r)k = r(r + 1) . . . (r + k − 1) with (r)0 = 1.

Method of maximum likelihood

Here we discuss the estimation of the parameters of the IGGbD(r, ρ1, ρ2, θ1, θ2) by
the MML. Let a(x) be the observed frequency of x events, y be the highest value of
observed x. Then the likelihood function of the sample is

L =

y∏
x=0

[g(x)]a(x), (26)

which implies

lnL =

y∑
x=1

a(x) ln[g(x)]. (27)

Let r̂, ρ̂1, ρ̂2, θ̂1and θ̂2 denote the maximum likelihood estimators of the parameters r,
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ρ1, ρ2, θ1 and θ2 of the IGGbD(r, ρ1, ρ2, θ1, θ2) respectively. Now r̂, ρ̂1, ρ̂2, θ̂1 and θ̂2
for fixed values of m are obtained by solving the likelihood equations (28), (29), (30),
(31) and (32), as given below.

∂(lnL)

∂θ1
= 0 implies

y∑
x=1

a(x)

[
ϕ∗∗
1 (x : r, θ1, θ2, ρ1, ρ2)

ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2)
− rρ1θ1

1− ρ1θ1 − ρ2θ2
+

rθ1(1− θ1 − θ2)
−1

1− (1− θ1 − θ2)r

]
= 0, (28)

where ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2) =

x−1∑
k=0

ωr
x−k, m (ρ1θ1, ρ2θ2) and

ϕ∗∗
1 (x : r, θ1, θ2, ρ1, ρ2) =

x−1∑
k=0

[ k2 ]∑
i=0

Γ(r + k − i) (ρ1θ1)
k−mi (ρ2θ2)

i

Γ(r)Γ(i+ 1)Γ(k −mi)
ωr
x−k, m(θ1, θ2)

+

x−1∑
k=0

[ x−k

m ]∑
j=0

Γ(r + x− k − j) θx−k−mj
1 θj2

Γ(r) Γ(j + 1) Γ(x− k −mj)
ωr
k, m(ρ1θ1, ρ2θ2).

∂(lnL)

∂θ2
= 0 implies

y∑
x=1

a(x)

[
ϕ∗∗
2 (x : r, θ1, θ2, ρ1, ρ2)

ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2)
− rρ2θ2

1− ρ1θ1 − ρ2θ2
+

rθ2(1− θ1 − θ2)
−1

1− (1− θ1 − θ2)r

]
= 0 , (29)

where

ϕ∗∗
2 (x : r, θ1, θ2, ρ1, ρ2) =

x−1∑
k=0

[ k

m ]∑
i=0

Γ(r + k − i) (ρ1θ1)
k−mi (ρ2θ2)

i

Γ(r) Γ(i) Γ(k −mi+ 1)
ωr
x−k, m (θ1, θ2)

+

x−1∑
k=0

[ x−k

m ]∑
j=0

Γ(r + x− k − j) θx−k−mj
1 θj2

Γ(r) Γ(j) Γ(x− k −mj + 1)
ωr
k, m(ρ1θ1, ρ2θ2).

∂(lnL)

∂ρ1
= 0 implies

y∑
x=1

a(x)

[
ϕ∗∗
3 (x : r, θ1, θ2, ρ1, ρ2)

ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2)
− rρ1θ1

1− ρ1θ1 − ρ2θ2

]
= 0, (30)

where

ϕ∗∗
3 (x : r, θ1, θ2, ρ1, ρ2) =

x−1∑
k=0

[ k2 ]∑
i=0

Γ(r + k − i) (ρ1θ1)
k−mi (ρ2θ2)

i

Γ(r) Γ(i+ 1) Γ(k −mi)
ωr
x−k, m (θ1, θ2).
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∂(lnL)

∂ρ2
= 0 implies

y∑
x=1

a(x)

[
ϕ∗∗
4 (x : r, θ1, θ2, ρ1, ρ2)

ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2)
− rρ2θ2

1− ρ1θ1 − ρ2θ2

]
= 0, (31)

∂(lnL)

∂r
= 0 implies

y∑
x=1

a(x)

[
ϕ∗∗
4 (x : r, θ1, θ2, ρ1, ρ2)

ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2)
+

ln(1− θ1 − θ2)

1− (1− θ1 − θ2)r
+ ln(1− ρ1θ1 − ρ2θ2)

]
= 0,

(32)
where

ϕ∗∗
4 (x : r, θ1, θ2, ρ1, ρ2) =

x−1∑
k=0

[ k

m ]∑
i=0

Γ(r + k − i) (ρ1θ1)
k−mi (ρ2θ2)

i

Γ(r) Γ(i) Γ(k −mi+ 1)
ωr
x−k, m (θ1, θ2)

and ϕ∗∗(x : r, θ1, θ2, ρ1, ρ2) is as defined in (28). Note that these likelihood equa-
tions do not always have unique solutions. The maximum of the likelihood function
is attained at the border of domain of the parameters. We have obtained the second
order partial derivatives of lnL with respect to the parameters r, ρ1, ρ2, θ1 and θ2
by using MATHEMATICA software and it is observed that these equations gives neg-
ative values, for all r > 0, ρ1 > 0, ρ2 > 0, θ1 > 0 and θ2 > 0. Thus the model
IGGbD(r, ρ1, ρ2, θ1, θ2) is log concave and under this parametric restriction the max-
imum likelihood estimates are unique. For solving the likelihood equations we can use
the mathematical software MATHEMATICA.

4. Testing of hypothesis

Here we discuss the generalized likelihood ratio test (GLRT) procedure for testing the
significance of the parameter ρ1 and ρ2 of the IGGbD(r, ρ1, ρ2, θ1, θ2). We consider
the following tests:
Test1 : H01 : ρ1 = ρ10 vs H11 : ρ1 > ρ10,
Test2 : H01 : ρ2 = ρ20 vs H11 : ρ2 > ρ20,
Test3 : H01 : ρ1 = ρ10, ρ2 = ρ20 vs H11 : ρ1 > ρ10, ρ2 > ρ20,
where ρ10 and ρ20 are fixed positive real number very close to zero . Hence the test
statistic is
−2lnλ = 2

[
ln(L(θ̂, x))− ln(L(θ̂

∗
, x))

]
,

where θ̂ is the maximum likelihood estimator of the parameter set θ = (r, ρ1, ρ2, θ1, θ2)

with no restriction and θ̂∗ is the maximum likelihood estimator of θ under H0. Clearly,
−2lnλ is asymptotically distributed as χ2 distribution with k degrees of freedom, where
k is the number of restrictions under H0.

4.1. Numerical illustration

In order to illustrate the usefulness of the model IGGbD, we have considered two real
life data sets- Data Set- 1 and Data Set-2 . The model IGGbD is fitted to that data
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sets by MMM and MML. We have also checked the goodness of fit and compared the
model IGGbD with some existing competing intervened type models such as IGD,
INBD along with ZTNBD. The Data Set-1 is the distribution of number of moth
species represented by n individuals in a sample from a heavily logged rain forest.
For details of Data set- 1 see [2]. The Data set-2 is the distribution of 1534 biologists
according to the number of research papers to their credit in the Review of Applied
Entomology taken from [6] . The numerical results obtained are summarised in Tables
3 to 6. From these tables it is clear that the IGGbD with m = 4 give better fit to
the Data Set 1 while IGGbD with m = 3 give better fit to the Data Set 2 compared
to IGD, ZTNBD and INBD. In order to check the significance of the intervention
parameters of the IGGbD for both the data sets, we have computed the value of the
test statistic for GLRT and are given in Table 1 and 2. From these tables it is clear
that the intervention parameters are significant in both cases.

Table 1.: Computed values of the GLRT statistic for the data
set given in Table 3

log(L(θ̂, x)) log(L(θ̂∗, x)) Test statistic value df P-value

Test1 -253.90 -260.78 13.65 1 0.0002
Test2 -253.90 300.28 92.77 1 <0.00001
Test3 -253.90 263.55 19.31 2 6.4E-05

Table 2.: Computed values of the GLRT statistic for the data
set given in Table 5

log(L(θ̂, x)) log(L(θ̂∗, x)) Test statistic value df P-value

Test1 -1524.92 -1527.26 4.68 1 0.0305
Test2 -1524.92 -1527.82 5.80 1 0.0160
Test3 -1524.92 -1529.18 8.52 2 0.0141
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5. Simulation

For examining the performance of the estimators, we have simulated data sets from
the IGGbD with m = 3 and m = 4 for the following parameter set. For m = 3, we
have used the parameter set i) r = 1.802, ρ1 = 1.3584, ρ2 = 1.37, θ1 = 0.1031,
θ2 = 0.1216 (Over-dispersion) and ii) r = 0.802, ρ1 = 4.3584, ρ2 = 1.58, θ1 = 0.02,
θ2 = 0.0216 (Under-dispersion). For m = 4, the parameter set we used is i) r = 1.18,
ρ1 = 0.768, ρ2 = 2.01, θ1 = 0.57, θ2 = 0.0457 (Over-dispersion) and ii) r = 0.26,
ρ1 = 2.125, ρ2 = 0.495, θ1 = 0.02 and θ2 = 0.0234 (Under-dispersion). We have
computed the bias and standard error in each case by estimating the parameters by
MMM and MML, which is presented in Table 7 and 8. From these tables it is seen
that as the sample size increases, the values absolute bias and standard errors are
decreases.

Table 7.: Bias and standard errors (within brackets) of MMM
estimators of the parameters of the IGGbD using simulated
data sets.

Over-dispersion Under-dispersion
parameters Sample

size 500
Sample
size 1000

Sample
size 500

Sample
size 1000

r -0.9721 -0.8752 0.9870 0.9615
(0.7016) (0.4528) (0.2086) (0.1926)

ρ1 0.8546 0.6781 -0.8812 -0.8449
(0.1526) (0.1732) (0.0698) (0.0426)

ρ2 0.7234 0.6634 -0.6457 -0.6139
m=3 (0.0768) (0.0456) (0.2815) (0.2189)

θ1 0.1213 0.1168 0.1779 0.1695
(0.0012) (0.0001) (0.0014) (0.0009)

θ2 -0.0902 -0.0834 -0.0223 -0.0129
(0.0125) (0.0047) (0.0176) (0.0058)

r -0.0156 -0.0123 -0.0867 -0.0853
(0.0057) (0.0012) (0.0014) (0.0002)

ρ1 0.5819 0.5621 0.6678 0.6247
m=4 (0.0024) (0.0003) (0.0019) (0.0001)

ρ2 1.0123 0.9998 -0.9234 -0.9128
(0.0345) (0.0312) (0.0276) (0.0079)

θ1 0.3576 0.2914 0.3019 0.2721
(0.0789) (0.0656) (0.0728) (0.0432)

θ2 0.0126 0.0107 0.0175 0.0142
(0.0125) (0.0017) (0.1008) (0.0723)
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Table 8.: Bias and standard errors (with in brackets) of MML
estimators of the parameters of the IGGbD using simulated
data sets.

Over-dispersion Under-dispersion
parameters Sample

size 500
Sample
size 1000

Sample
size 500

Sample
size 1000

r -0.7529 -0.5632 1.0123 0.9934
(0.6085) (0.1214) (0.1073) (0.0934)

ρ1 0.7732 0.4801 -0.8903 -0.8340
(0.2565) (0.1725) (0.0767) (0.0034)

ρ2 0.5219 0.4602 -0.3457 -0.2139
m=3 (0.1808) (0.1214) (0.1938) (0.1761)

θ1 0.0315 0.0182 0.0973 0.0694
(0.0091) (0.0071) (0.0026) (0.0021)

θ2 -0.0101 -0.0026 -0.0219 -0.0116
(0.0066) (0.0017) (0.0129) (0.0098)

r -0.0207 -0.0172 -0.0934 -0.0896
(0.0167) (0.0112) (0.0034) (0.0022)

ρ1 0.4895 0.3621 0.7648 0.6238
m=4 (0.0087) (0.0007) (0.0021) (0.0002)

ρ2 1.1810 0.9162 -0.8102 -0.7134
(0.0297) (0.0081) (0.0258) (0.0062)

θ1 0.2145 0.1934 0.2018 0.1756
(0.0285) (0.0179) (0.0745) (0.0196)

θ2 0.0022 0.0019 0.0189 0.0024
(0.0075) (0.0006) (0.1023) (0.0945)
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